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The problem of unattainable points is typical for the case of rational interpola-
tion. Having computed the rational interpolant p/g from “linearized” interpolation
conditions, in other words, conditions expressed for fg — p instead of for f— (p/q),
it may occur that an interpolation point is also a common zero of p and g and
hence that the rational function p/q is undefined in that interpolation point.
Consequently the “nonlinear” interpolation condition cannot be satisfied in
that interpolation point anymore, not even by the irreducible form of p/q. The
interpolation point has become ‘“‘unattainable.” € 1993 Academic Press, Inc.

1. UNATTAINABLE POINTS IN UNIVARIATE RATIONAL INTERPOLATION

The univariate problem of unattainable points was extensively discussed
by Claessens in [3]. We list his results that will serve as a starting point
for our discussion of the multivariate situation.

Let f be a univariate complex function known in the complex inter-
polation points (x,),.,. We construct the polynomial basis functions

i—1

Bix)= ] (x—x,).
k=0
The problem of interpolating f by a rational function with numerator of
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degree n and denominator of degree m is formulated as follows. Find
polynomials

n

p(x)= Z a;B;(x)

i=0

g(x)= _Z b.B;(x)

i=0
satisfying
(fa—p)x)= 3  dBi(x) (1)

izn+tm+1
for the formal Newton interpolating series development of fg— p.
Condition (1) means that

d;={fg—p)xe, ..., x;1=0, i=0,.,n+m 2)

and implies
(fg—p)x)=0, i=0,.,n+m

The advantage of expressing the rational interpolation problem as a
Newton—-Padé approximation problem in (1) is that this formulation can
also be used in case some of the interpolation points coincide, because the
divided differences in (2) are defined for coalescent points. Let us denote

c;=flx; . x;], i<y

with ¢, =0 if i> j. Using a kind of Leibniz rule for divided differences the
conditions in (2) for the coefficients ¢, and b, can be rewritten as

mn
Y cib=a,  j=0,.,n
i=0

Con+1 0 Comnd bO U

={ : | (3)
Con+m ° Cmnam bm a,

If the rank of the coefficient matrix in (3) is m —s, then it was proved in
[2] that a unique solution p, ,(x) and 4§, ,(x) of (1) exists with dp, ,, <
n—s and 64,,<m—s where at least one of the upper bounds for the
degrees is attained. Every other solution p(x) and ¢(x) is of the form
p(xy=1(x) p, (x) and g(x)=1(x)4, .(x). Since no solution exists where
both the degrees can be lowered simultaneously, these unique polynomials
P and g, , are called the “minimal solution.” This minimal solution
in fact solves a whole triangle of interpolation problems in the rational
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interpolation table, namely all those lying in the triangle with corners
(n—s,m—s), (n+s,m—sj, and (n—s, m+ s) depicted in Fig. 1.

Since the degrees in the minimal solution are minimal, the amount of
troubling common factors in the numerator and denominator of the
minimal solution is kept minimal. We call an interpolation point x; an
“unattainable point” of order / if

PR(x)=0=¢"(x), k=0,.,1

with / as large as possible. The following theorem, proved in [3], says
that common factors in minimal solutions only involve unattainable
interpolation points.

THEOREM 1. Let (x—ua)* be a common factor of the minimal solution
Pum(x) and G, (x) of (1). Then we {x;|i=0, ..,n+m} and k <m(a) where
m(a) denotes the multiplicity of o in {x;|i=0,..,n+m}.

In other words, k& of the m(a) interpolation conditions in « cannot be
attained when computing the rational interpolant [3].

THEOREM 2. Let x,=--- =X, =o Wwith iy < - <i,q,, belong to

{x,1i=0, ..., n+m}. Then o is an unattainable point of order | if and only if
for the irreducible form r, ,, ofﬁ,, il G

r (@)= f'a i=0,.,ma)—1=1
(m(“)*’)(a)#f(m(ﬂ)*l)(a)

For the irreducible form r, ,{(x) even more can be proved. The following
result in fact introduces unattainable points in further entries of the
rational interpolation table [3].

THEOREM 3. Let the minimal solution p, ., and 4, ,, of (1) be such that
Ppm=n—s, and 8q, ,,=m—s,. Then all the rational interpolants lying in

(n-s,m-s) (n-s,m+s)

(nts m-s)

FIGURE 1

640,72;2-3
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the square with corners (n—s,,m—S,) and (n+s,, m+s,) have the same
irreducible form r, ,.(x).

This result should be read as: since r, ,=r, , for k +1>n+m we know
that p,,(x;)=0=g,,(x;) for i=n+m+1,..,k+/ and hence that
X, 4 ma+ 1 s X 4 are unattainable points. More details can be found in [3].
This square is in fact the union of the triangle emanating from the minimal
solution and its mirror image. For each entry in this mirror image its
minimal solution is constructed by multiplying 5, ,, and g, ,, with a factor
containing interpolation points and hence unattainable points. This tech-
nique ensures us that more coefficients in the Newton series for fg — p vanish.

THEOREM 4. Let the minimal solution p, , . . and G, . . . be
such that
(a) aﬁn—m.m”ml:n_nl
(b) 04, nm—my=m—m,
(c) (ﬁnfnl,m—ml_ﬁn/n[,m‘ml)(x)=2i>n+m+l d,B,(x)
(d) rn. n.m_m(x) also satisfies the interpolation conditions in the
POINLS Xy mirap forj=1, ., tand 0< By < --- <B,.

Then if B;<zi+n +m;, we have for I=B,+1, ., 25+n +m,:
Foxm+jm—m+i—i =T n—nim—m =Fn-n+i—jm+n+j

This theorem explains that the square block described in the previous
theorem is only a starting point and that it can have a sort of tail
concentrated along its main diagonal as illustrated in Fig. 2. Let us now
investigate what remains valid if we turn to the case of more variables.

«a— diagonal n+m+1

vO<2m +m

' |
- ,,,/gﬂ I <den e,
B /p;\ <B < BN ¢m|
A B

Bor=2+n+m
] 1 1

FIGURE 2



MULTIVARIATE RATIONAL INTERPOLATION 163
2. THE MULTIVARIATE SITUATION

It is immediately clear that there will be one very important difference
between the univariate and the multivariate case. In the univariate situa-
tion a common zero « of two polynomials gives rise to a common factor
(x — a). In the multivariate case one can have p(a, f)=0=g(a, §) without
having a factor like (x —a)(y — B) common in p and g. However, unat-
tainable interpolation points still do exist and a theorem analogous to
Theorem 1 can be proved. We first resume the definition of multivariate
rational interpolant and the notion of multivariate minimal solution
from [4].

Let a bivariate function f(x, y) be known in the complex data points
((xs ¥1))¢i. jye w2 and let 1 be a finite subset of N? indexing those data points
that will be used as interpolation points. With the data points we construct
the polynomial basis functions

i—1

B,(x, )= ] (x=x0) T (¥ = »1).
I1=0

k=0

The problem of interpolating these data by a bivariate rational function
was formulated in [4] as follows. Choose finite subsets N and D of N? with
N < I and compute bivariate polynomials

px,y)= Y a;By(x,y), #N=n+l

(ih,j)eN (4a)
g(x, y)= Y. b;By(x,y), #D=m+]1
{i,j)e D
such that
(fg—p)x, y)=0, (i, j)el, #I=n+m+L (4b)

If g(x,, y;) #0 then this last condition implies that
S r) =Ry el (4c)

We say that [ satisfies the inclusion property if whenever a point (i, )
belongs to 7, all the points in the rectangle emanating from the origin with
(i, j) as its furthermost corner belong to I. Condition (4b) is for instance
met if the following two conditions are satisfied by the polynomials given
in (4a) [4],

(fa=p)x, )= Y dyBy(x,y) (52)

(i, jye N2\J

I satisfies the inclusion property, (5b)
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where the Newton interpolating series development (5a) is formal. Condi-
tion (5a) can also be used if some or all of the interpolation points or their
coordinates coincide since it can -be replaced by conditions in terms of
bivariate divided differences [4],

(fPxo, - x [ Vo5 o ¥, 1= plX0s oy x A p0s - ;) (G j)EN (6a)
(f‘I)[xo, (] xi][yOa wers y_,’]=0s (la J)EI\N (6b)

Using a multivariate generalization of the Leibniz rule for divided differ-
ences [4] we can substitute (fg)[x,, ..., x,1[ ¥, .., ¥,] in (6a), (6b) with
the notation

cui,vj::f[xu’ ey xi][yv’ sy yj]
by

(fq)[XO’ oty xi][yos "oy )'1] = Z buvcui.vj'

(u,v)eD
Also
p[xm---; xi][yOa---s yj]=aij7 (Isj)EN

From now on we denote a rational function satisfying (6) by [N/D],.
Numbering the points in the sets N, D, and [ as

N= {(i07 jo)’ 2y (in’ Jn)} (73)
D = {(d(]’ eO)s seey (dma em}} (7b)
I=NU{(in+l’jn+l)""1 (in+majn+m)} (7C)

condition (6) becomes

m
Y Capivenpbaye, = s v=0,..n (8a)
n=0
Cdginsieoinst " Cldmine i emins bdofu 0
' ' =) (8b)
ch"n+m,e()jn+m Cdmin+nhemjn+m bdm"m 0

It is obvious that at least one nontrivial solution of (8b) exists, but it is not
so (unlike the univariate case) that different solutions p,, ¢, and p,, g, of
(8) are necessarily equivalent, meaning that (p,q,)x, y)=(p>4,)(x, y).
With the numberings (7a), (7b), and (7c) of the respective indices in N, D,
and 7 we can set up descending chains of index sets, defining bivariate poly-
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nomials of “lower degree” and bivariate rational interpolation problems of
“lower order™:

N=N,o5...oN,= {(io,jo), ey (ikyjk)}D

SNo={(ig, jo)}» k=0,..,n (9a)
D=D, > - 2D,={(dy €), ... (d),e,)}> ---

>Dy={(do, €0)}, 1=0,..,m (9b)
I=1,, 2 - 2L={{io, johs s Gkxrs Jus )} 2 -

> Io= {(io» jo) }» k+1=0,..,n+m (9¢)

[k+l.k+1= {(ik+l’jk+l)* ey (ik+1’jk+l)}, 1\N=1n+1,n+m-

From now on we denote by dp the exact “degree set” of the polynomial
plx, y). Hence

op=N,<p(x, y) given by (4a) with a4, ; #0.

If all the sets I, ,,< I also satisfy the inclusion property (this can easily
be achieved by an appropriate enumeration), then we can compute the
following entries in a “table” of multivariate rational interpolants:

[No/Dolsy - [No/Puli,
: : (10)

[Nn/D()]I,. [Nn/Dm]l,um'

If we let # and m increase, infinite chains of index sets as in (9) can be
constructed and an infinite table of multivariate rational interpolants
results. Of course, in practice, only a finite number of entries will be
computed. It was proved in [1] that if the rank of the coefficient matrix
in (8b) equals m — s then some rational interpolants of “minimal” degree
can be computed for [N/D],=[N,/D,],,. .

THEOREM 5. Let p(x, y) and q(x, y) be defined by (4a) and (8a), (8b).
Let the rank of C, . ,.m in (8b) be given by m—s. Then for 0 <k <s and
the rank of C,_;, (.n+m—s €qual to its maximal rank m —s+k, the unique
rational function

[]vn-k/l)m~s+k]l,,”,,,_I
also solves [N/D},=[N,/D,],,...

Clearly minimal solutions aren’t uniquely determined anymore. In
Theorem 5 all solutions p, ,, «/@nmi=[Nn_&/Dm-s+xls,,,_, are “mini-
mal” in the sense that they use a minimal number of parameters and data
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to solve the (n, m) rational interpolation problem, in other words, each of
the minimal solutions on the (n + m — s)th diagonal (with numerator and
denominator “degree” respectively less than or equal to » and m). Again
each minimal solution in fact solves a whole triangle of interpolation
problems, namely those in the triangle with corners (n—k, m—s+k),
(n+s—k,m—s+k), and (n—k, m+k) [1]. This triangle is smaller than
in the univariate case. From Fig. 3 it is clear that the union of all the
triangles emanating from the minimal solutions p,,,, and §,,, is a
trapezoidal structure contained in the circumscribing triangle with corners
(n—s,m—s), (n+s,m—s), and (n—s, m+s). Why this trapezium cannot
be enlarged to cover the large triangle completely is explained in [1]. If the
rank of C,_;, .+ m-, In Theorem 5 is not yet maximal then one can
further retreat in the table of rational interpolants as will be shown in the
following lemma.

In the univariate case the minimal solution is unique and is either a true
irreducible solution or a reducible solution with unattainable interpolation
points. We have just seen that in the multivariate case a minimal solution
is not unique anymore. What’s more, in the multivariate case a rational
interpolation problem can have both a true irreducible minimal solution
and a reducible minimal solution at the same time. Consider the following
example and the solution sets [N,/D,,], . for a number of n and m.

X, =1 i=0,1,2, ..

=i+l j=0,1,2,.
I5={(0,0), (1,0), (0, 1), (2,0), (1, 1), (0,2)}
fU)={-1,-2 -1, -3, —1,—1}
N,={(0,0),(1,0), (0, 1)}
D,={(0,0),(1,0), (0, 1), (2,0), (1, D}

(n-s,m-5) {(n-s,m) (n-s,m+s)
[

I
1
|
]
l
(n,m-s) I/ / (h.m)
%
I//

(n+s,m-s)

FIGURE 3
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Note that
(Ny/D,],, = =
o/ Ly 14—6_3x+x(x—1)+3x(}’_])
and
3 -3x
[Nl/D3]14=

—34+3x—x(x—1)

are two minimal solutions for

—o+3f8x
a—ox+ fx(x— 1)+ (x=38) x(y—1)

[NI/D4]I5 =

where [Ny/D,],, 1s a true irreducible solution satisfying (4c) and [N/D;],,
is a reducible solution containing the common factor (x — 1) with (x,, y,)
and (x,, y,) as unattainable points. In the multivariate case a solution
must not be reducible in order to have unattainable interpolation points.
Take a look at [¥,/D;],, and you see that the general solution (p/q)(x, »)
with aff #0 is irreducible while (x,, y,) is an unattainable interpolation
point since p(x,, v¢) =0=4g(x,, yo). This is a situation which is essentially
different from the univariate one. However, common factors of minimal
solutions still always involve unattainable points as will be shown in the
following theorem. We first formalize the definition of unattainable point.
An interpolation point (x;, y;} is called “unattainable” of order (/,/,)
if for some 0 <k <s the solution 5, /G ms=[Nu &/Pm_ci4ls,,, ., Of
[N,/D,], ., satisfies

+vs vz
o ‘pn.m,k _ o qn,m.k

axﬂ ayv (xis _}’j):‘O— 6x“ ay\, (x,', yj)’ 0<p<[1,0<v<[2

LEMMA. Let p(x, y) and q(x, y) be defined by (4a) and (8a), (8b) for the
(n—n,, m—m,) rational interpolation problem and let
(@) dp=N,_,
(b) 9g=D, .,
(c) (fg—pix y)= Z(i,j)e N2y 4 m d,;By(x, y) with di,,,,,,,*l,-,,*m, #0.
Then p(x, y) and q(x, y) solve the multivariate rational interpolation problem

at entry (k, 1) if and only if (k,I) belongs to the triangle with corners
(n—n,m—m)), (n+m,,m—m,), and (n—n,, m+n,).
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Proof. We first prove the necessary condition. If p/g solves the (k, /)
rational interpolation problem, then k& and / must be such that

n—n <k implying N c N,

n-ny

m—m, <! implying D c D,

nt - my
n+mzk+1 implying I, ,<1,,,,.

Now we concentrate on the sufficient condition. Consider the (k, /) rational

interpolation problem with (k, /) in the triangle in question. Then clearly

p(x, y) and g(x, y) solving the (n—n,,m—m,) rational interpolation
problem also satisfy

dp < Ny
dqc D,

fg—p)x, yy= Y  d;B,(x,»)

(L eNII 4y
which completes the proof. |

The importance of this lemma lies in the fact that it describes a structure
of the table of multivariate rational interpolants “emanating” from a
“minimal solution.” Each minimal solution solves a whole triangle of
interpolation problems and the maximal triangle is given in this lemma.
We now generalize Theorem 1 to the multivariate case.

THEOREM 6. Let p(x, y) and q(x, y) be defined by (4a) and (8a), (8b)
with op=N,_,, d0q=D,, ., and C, . 1,1 » m 0f maximal rank.
If p and q have a common factor

I(X, )’)= Z tr‘jBij(xs )’)

(i,jleT

with {(0,0)} # T then t(x, v) passes through at least one interpolation point
of Ly i n, > meaning that t(x,; y;,)=0 for some (i, jY el . -

Proof. We know that p=1tp*, g¢=1tgq*, and that
(fg— p)(x, y)=(fg* — p*)x, y) t(x, y)

with ép* < 0p and dg* = éq. Let us suppose that t(x;, y;) #0 for (i, j)e
Lysm_n —m- Then

(fq*—l’*)(x’ J’)= z dijBij(x7 y)'

8 L EAV S ——
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Since T# {(0,0)} we can renumber N, _, and D,,_,, in such a way that

ap*:Nn—rnl - u
aq* =Dm —-my - v

with « and v strictly positive. This contradicts the maximal triangle
described in the lemma for the (n—n,, m—m,) rational interpolation
problem. |

This Theorem 6 is a multivariate counterpart for the univariate
Theorem 1. However, a multivariate counterpart for Theorems 3 and 4
does not hold as will be shown in the following examples.

If a generalization of Theorem 3 would hold, then from a minimal solu-
tion on the leftmost upward sloping diagonal of the trapezium in Fig. 3,
another solution could be constructed by adding some unattainable points
such that more terms in the Newton series would disappear. The property
of having unattainable points should be investigated for each entry in the
hexagon depicted in Fig. 4. This hexagon consists of the trapezium and its
mirror image just as in the univariate case the square comes from the
triangle and its mirror image.

The following example is a counterexample. Consider

X, =1, i=0,1,2,..
yvi=J  J=0,12, ..
I5=1{(0,0),(1,0),(0, 1), (1, 1),(2,0), (2, 1)}
fUH=4{1, -1, -1,0,1, —1}
N, ={(0,0),(1,0), (0, 1)}
D,={(0,0),(1,0), (0, 1), (1, 1)}.

(n-s,m) (n-s,m+s)

~ (n,m)
(n,m-s) (n,mes)

(n+s,m-s) (n+s,m)

FiGURE 4
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Then [N,/D,],, is singular with [N,/D,],, as one of its minimal solutions
on the leftmost upward sloping diagonal from the hexagonal block concen-
trated around the entry (1, 3). The maximal triangle emanating from this
minimal solution spans [N,/D,],, [N./D,],, and [N,/D;],. So we

investigate

2—2x
2—2x—4y+4xy

[Nz/D3]I5=

in the mirror image of this triangle. We would expect to find that (x,, y,)
is an unattainable interpolation point but this is not the case.

If a generalization of Theorem 4 would hold, then under similar condi-
tions as in Theorem 4 one would find unattainable points further down the
table of multivariate rational interpolants outside the initial hexagonal
block. We give some counterexamples to discourage anyone from believing
that similarities with the univariate case can be proved. Consider

X; =1 i=0,1,2,..
Y= j=0,1,2,..

1;={(0,0),(1,0), (0, 1), (1, 1), (2, 0), (2, 1), (0, 2), (1, 2)}
fL)={1,-1,-1,0,1, -1, —1/3,0}

N3= {(0’ 0)’ (11 0)’ (07 1)9 (]s ])}
D4= {(0’0)» (1,0), (0’ 1)7 (la l)’ (2’0)}

The rational interpolation problem [N,/D;],, is singular with a minimal
solution in [N,/D,],,. This minimal solution satisfies in addition the
interpolation conditions in (x,, y,) and (x,, y,,). Since the interpolation
condition in (x,, y,) is not satisfied, the hexagonal block built around
entry (1, 3) does not stretch beyond the diagonal n+ m = 5. We take a look
at

1—x
A Py e 2

and see whether it has (x;,, y,) as an unattainable point. It does not.
The following example makes us even more pessimistic.

x;=i, i=0,1,2,..

Y= j=0,1,2,..
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I,;={(0,0),(1,0). (0, 1), (1, 1), (2,0), (2, 1), (0, 2),
(1,2),(2,2),(3,0), (3, 1), (3,2), (4,0)}

fUpy={1,-1,-1,0,10,1/3,10,0, 1/5, 1, 1/2, 1/4, 13}
Ns=1{(0,0),(1,0),(0, 1), (1,1),(2,0), (2, 1)}
D;={(0,0),(1,0), (0, 1), (1, 1),(2,0), (2, 1), (0, 2), (1, 2) .

Here we find that the same irreducible form repeats itself in the multi-
variate table of rational interpolants without any structural explanation. It
solves two multivariate rational interpolation problems at different entries
which cannot be linked by a singular structure built around one of them.
There are no singularities involved, not even in any of their neighbouring
entries. Also the second entry is not located on a so-called tail of the first
one. In particular we have

I —.
[ND =15 = [N/Delg

with the entries (1, 3), (2,2), (2, 3), (4, 5), (5,5), (5,6), (4,7), and (5,7)
all nondegenerate. Besides all these negative results, we can prove the
following theorem for the particular case D=D,,=1,,. We always have
N=N,=1, but now we also extend this to the denominator.

THEOREM 7. Let the rank of the submatrix consisting of the last
m—{+ 1 columns of the coefficient matrix C, , | ,. . be at most m—1 with
[> 0. Then the interpolation points indexed by I, | are unattainable points

Jor [N, /1,1,
Proof. Since it is given that the matrix

Ciigetietiney 7" Clming leminsr

Cdl"rwmw(’/frwm Cdmin+Mv(’m,in+m

has rank at most m—/, we know that the homogenecous system of
equations

Cdtinirietinet " Cdmingiveminst bdlfl

0

by 0

Cd/i,,;,,,,,e[j,”m cdm"n+m~<’ml‘n+m
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has at least one nontrivial solution. From this solution we can construct
the solution

0
Cdpin1.e0inst " Cllminsiieminst O 0
: b(l/e[
Cliyimerinim " Cluivimeoinim : 0
by e
m
aop="=a, , =0, Y Caienibae, =i V=1 onn
u=0

for the rational interpolation problem (WN,/D,1, .. If D,=1, then
dy=1i,, e, =j, for k=0,..,m, and D, satisfies the inclusion property.
Since N, already equals /, and hence also satisfies the inclusion property,
we have that

plx, )= Y a;B,(x, »)
(i, jyel,

q(x, y)= Z b._'/Bij(xs »)

(L JYE It m

satisfy
plx;, y))=0=4q(x,;, y;), (Ljel
which completes the proof. |

COROLLARY. Under the same conditions as in the preceding theorem
we put d,=min{d,, ..,d,} and e, =min{e,, .., ¢, }. For d,=0 we define
J, = and for d, >0 we define J, ={0<i<d.|(i, j)el,_}. The same is
done for e, producing a set J,. Then

IT x~=x) [T (v—»)

ieJ; jeha

is a common factor of p and q solving [N,/D, ], . .

In the univariate case conditions such as D, =1, are always satisfied. An
enumeration of the interpolation points and numerator and denominator
coefficients is quite obvious when one is working with only one variable. In
the multivanate case familiar facts such as an enumeration satisfying

in+k—dm+k=in—dm’
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which is always true in the univariate case, are not valid anymore and these
facts disturb a lot of the univariate results when one tries to generalize
them. This is the price paid for the generality of the framework. In future
research we intend to concentrate on some particular enumerations or
degree sets in order to preserve more of the univariate results.
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